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Introducing an effective ratio of the specific heats, exact values for the shock front parameters
can be obtained, if thermal equilibrium may be assumed. Exact values for the shock front para-
meters in a singly ionized non-equilibrium plasma can be obtained only if one of the end values

is measured.

It is well known how to calculate the parameters
(pressure p,, density 0, , temperature T, and velo-
city v,) in the shock heated zone of a gas flow if
the specific heats remain constant !.

These calculations, however, become difficult in a
plasma flow, where the specific heats (and thus
y=cy/c,) vary2~4 In order to use the convenient
formalism of gas dynamics some authors5~7 intro-
duced an effective adiabatic exponent, which we will
call g. Lunkin® (1959) showed, that g=h/u, where
h is the enthalpy and u the internal energy per
gram. g depends on pressure and temperature but,
as the variations are only small, it is practice?, to
estimate g so that one can obtain appropriate values
of the shock front parameters in a plasma.

In this paper it is shown, that g can also be used
to provide the exact py, Ts, vs, 05, hy in the shock
heated plasma, and these quantities can be obtained
as tabulated functions of the Macu number, without
any approximations or recursions, provided that
thermal equilibrium may be assumed.

In the absence of thermal equilibrium, the end
values can be calculated if any one of them is meas-
ured. In a non thermal plasma we calculate the ion
density n; rather then the temperature, which is no
longer uniquely defined. Deviations from thermal
equilibrium are reflected in a change of the magni-
tude of g.

General Shock Equations

The shock front parameter py, 05, ... produced
by a strong shock in a gas flow are in principle de-
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termined by the equations of conservation of mass
momentum and energy (the frame of reference
moves with the shock front)

0101 =023, (1)
P1+ 01 0% =pa+ 02 0% (2)
%vlz-i‘hl:%vzz-‘l—hz (3)

and by the two conditions of state 0 =0(p,T) and
h="h(p,T) if the initial values p;, 0y, vy,... are
specified. The system can be solved analytically in
the case of a non reacting gas where 2 and o are
simple functions of p and T. In a plasma in thermal
equilibrium however & and ¢ depend ® on the partial
pressures of ions, electrons and neutrals which are
governed by the Sama equation. Though it is always
possible to obtain numerical data for o and h,
simple analytical equations for enthalpy and density
as functions of pressure and temperature can no
longer be obtained. Thus it is not possible to solve
analytically for the end values in the shock heated
zone of a plasma flow. However one can obtain
quasi analytical solutions introducing

g=h/u (4)

to replace the strongly pressure and temperature
dependent enthalpy. Fig. 1, 2, 3 show g(p,T) for
argon, helium and hydrogen in thermal equilibrium.
(It should be noted, that g is also defined in a non
thermal plasma — see below.) With the thermo-
dynamical relationship w=h—p/o we obtain from
Eq. (4)

hy= [g::/(gz -1)] 'P2/92 . (5)
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Fig. 1. g(p, T) for argon plasma in thermal equilibrium 19,
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Fig. 2. g(p, T) for helium plasma in thermal equilibrium 13,
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Fig. 3. g(p, T) for hydrogen plasma in thermal equilibrium 7.

This equation can be used to eliminate A, from (3).
We then can solve the conservation-equations for-
mally for
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where M, =v,/e;=vy"Vo1/7 Py s
y=cy/c, (cold gas) and

2(g+1) (y—82) 7 M? .

(r—=1) (ga—7 My®)*
The minus sign gives the identity while the plus
sign represents the shock solution for supersonic
flow. With M; =5 (strong shock) and any allowed
value of g,, ¢ is small as compared with 1, so that
the general shock equations become

01/02=vs/vy = (g2—1)/(g2+1), (8)
po/p1=27 M?/(g,+1) 9

and employing (5) hy=[2gs/(g2+1)2] ;% (10)
For an approximate determination of the end values
one can guess g, and solve directly for the end
values 05, ps, vs, hs. For an exact calculation,
however, g, has to be treated as an unknown.

Thermal Equilibrium

The plasma is in local thermal equilibrium if
electrons, ions and neutrals each have a MaxweLL
velocity distribution characterized by the same tem-
perature Te=T;=T,=T, and if the number of ions
can be calculated by the Sama equation governed
by the same temperature T'gyp, =7T. For the energy
consideration, however, it is not necessary to know,
whether the excited states obey a Borrzmann dis-
tribution, as the correlated energy term is neglected
(see below). .

If the shock front in the plasma is supposedly in
thermal equilibrium and M >3, we have 5 equa-
tions: (8) counting twice, (9) and the functions of
state o(p,T) and g(p,T). These determine the 5
unknowns 0,5, ps, 82, I's and v,. Equilibrium values

for o(p,T) and h(p,T) and thus
g(p,T) =h/(h—p/o)

are tabulated for many gases over a large variety
of pressures and temperatures *713. Using these ta-
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bles the end values can easily be calculated as func-
tion of the Macu number.

We select a pressure p,=p, and solve (8) gra-
phically for this pressure p,. This is possible be-

cause we can plot both the right side
(82— 1)/(g2+1) = [g2(pz) —11/[ga(p2) +1]
and the left side -
01/02 = 01/0(ps)

as function of temperature, taking p, as a constant
parameter, Fig. 4. The intersection of the curves

satisfies Eq. (8) for the pressure p,. The abscissa
of the intersection point therefore gives the tempe-

rature T, associated with p, while the ordinate a

04

Pa=Pp=const
o1 /e(p)
0.3+
9()-1

al-——o= 9(p)+1

|
0.2+ |

|

|

|

i
)1 1 1 1 % Il
. 6 T 8 r 10-10°°K

Fig. 4. Graphical solution of Eq. (8).

gives 0, =0,/a and g~2= (1+a)/(1-a), as Eg now
is known we can solve (9) for M; thus determining
the initial velocity #¥; which is required to reach
this combination of end values. Finally v, can be
calculated with (8). These shock front parameters
can be plotted as a function of the MacH number.
In order to get more points in these graphs, one has
to start the calculations with different pressures p, .
It will be noticed that every point obtained with this
procedure is an exact value and no iteration is re-
quired. Fig. 5, 6, 7 show an example. 0,/0; , ps/p1
and T, are given as functions of the MacH number
for a strong shock in argon [A(p;T) and o(p,T)
from 1°]. Parameter is the initial pressure p; . Com-
pression-ratio, Fig. 5, and temperature, Fig. 6, are
very different from the values for a non reacting
gas with y =5/3 = constant, and depend on the ini-
tial pressure p; . The pressure ratio, Fig. 7, does not
deviate very much from the inert gas curve (y = 5/3),
and shows so little variation with the initial pres-
sure, that p;=10"2 atm and p;=10"3 atm give
identical curves in the scale of Fig. 7.
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Fig. 5. Compression ratio for a shock wave in argon as func-

tion of Macu number, initial pressure p, as parameter.

T,=290 °K, ¢=218 m/sec. Also shown is the curve for a
nonreacting gas with y=>5/3.
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Fig. 6. Shock front temperature in argon as function of the
Macu number, initial pressure p, as parameter, ;=290 °K.
Also shown is the curve for a non-reacting gas with y=5/3.
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Fig. 7. Pressure ratio for a shock wave in argon as function

of Macn number, T;=290 °K This curve applies to both,

p;=10"3 atm and p;=10"2 atm, lower curve for nonreact-
ing gas with y=5/3.
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Deviations from Thermal Equilibrium

In the absence of thermal equilibrium we have
to check whether the equations of our system are
still valid, and for this end we have to consider how
the properties of state depend on the composition
of the plasma. For simplicity we consider a single
ionized plasma composed of electrons, ions and
neutrals (subscripts e, i, 0). As well known 8, the
total pressure p is defined as the sum of the partial
pressure

p=Ppi+petPpo-
The density is given by
Q= 0i+ Qe+ Qg = NiMj+ N M + Ny My

where n is the number density and m the mass of
the particle. The enthalpy

h = (0i/0) hi+ (0¢/0) he+ (00/2) hg

is composed of the partial enthalpies h;, h., hq
according to the relative abundance of species

cjznjm,-/anmj.
i

If we assume that ions, electrons and neutrals each
have a MaxweLL velocity distribution, so that we
may attribute temperatures T;, Te, T (which may
differ) to each of the species, then the partial enthal-
pies can be written (E;=ionization energy) 8

hi=§ k Ti/m; + Ei[m;,

he e {3 k Tc/me ’

ho= 3 kTo/my.
We have neglected the logarithmic term, which
means we neglected the net excitation energy com-

pared with the total thermal and ionization energy.
The enthalpy then becomes:

h=(1/0) [niEi+ 3 (nikTi+ne kT +ngkTy)]
and with njkT;=p; we obtain

h= (1/0) [n; Ei + §p] , (11)
similarly the internal energy is defined by
u=(1/0) [m Ei+ 3 p]
= b mEitip
and thus £= = mEtis" (12)

All the variables involved in the three equations
of conservation (1), (2) and (3) are defined. Further-
more the thermodynamical relationship u=h —p/e
is valid, so that the definition g=h/u is equivalent
to stating

h=[g/(g—1]1ple.

263

Consequently (8), and (9) are valid in the non
thermal plasma. However, the only equation of state
available is (12), which gives g(p, n;) and does not
include undefined temperature. Thus we have only
four equations — (8) counting twice, (9) and
(12) — to determine 5 shock-front parameters p,,
03, Vs, 85, nj. This means nature has freedom to
chose a state of non-equilibrium in accordance with
the boundary conditions implied by the experiment.
In other words, different experiments will produce
different forms of non equilibrium. But if we can
measure any one of the shock front parameters then
all others can be calculated analytically. Suppose,
for example, the ratio

vo/vy =01/ =0a

was measured and all the initial values (index 1)
are known, then we get

g:=(1+a)/(1-a),
p2=p1(1—a) y My®
ni=p;(1—a)(1—-4a) y M?/2akE;.

Furthermore, if required, h, can be determined
from (11). A similar solution is possible, if p, or
n; is measured.

It might be of interest to know in which direction
the shock front parameters will tend to change, if
the plasma deviates from thermal equilibrium. We
have to distinguish between an overpopulation
n{>n; sana (frozen ionization) and an underpopula-
tion of ions n;<nj sana - Differentiating g in (12)
with respect to n; we get

gé =—-pE(p+nE)2<0.

ni
The right side is always negative. Thus an over-
population will reduce the effective g, while an
underpopulation of the ions will raise g. If we apply
this information to Egs. (8) and (9), we see that
with n;>n; san. the pressure increase p,/p; and the
compression ratio 0,/0; both will be larger than in
thermal equilibrium.

and

Acknowledgement

We are indebted to Prof. Dr. RuboLr Wienecke and
J. H. WiLiamson for many helpful discussions. The
work was partly performed as part of the joint research
program of the Institut fiir Plasmaphysik, Garching,
and EURATOM, and was partly supported by a re-
search grant from the Atomic Control Board of Canada.
Dr. K. F. K~ocsE in addition to ref. 1 supplied the
original computer data.



